The objective of this paper was to improve the well established in clinical practice Marmarou model for intracranial volume-pressure compensation by adding the pulsatile components. It was demonstrated that complicated pulsation and growth in intracranial pressure during infusion test could be successfully modeled by the relatively simple analytical expression derived in this paper. The CSF dynamics were tested in 25 patients with clinical symptoms of hydrocephalus. Basing on the frequency spectrum of the patient's baseline pressure and identified parameters of CSF dynamic, for each patient an "ideal" infusion test curve free from artefacts and slow waves was simulated. The degree of correlation between simulated and real curves obtained from clinical observations gave insight into the adequacy of assumptions of Marmarou model. The proposed method of infusion tests analysis designates more exactly the value of the reference pressure, which is usually treated as a secondary and of uncertain significance. The properly identified value of the reference pressure decides on the degree of pulsation amplitude growth during IT, as well as on the value of elastance coefficient. The artificially generated tests with various pulsation components were also applied to examine the correctness of the used algorithm of identification of the original Marmarou model parameters.
Introduction
The requirement for an infusion test (IT) often arises with suspicion of communicating hydrocephalus, in which the imaging is unable to confirm obstacles in the cerebrospinal liquid flow between the ventricular system and the subarachnoid space. In spite of its invasiveness (access to the liquid spaces is most often executed with the help of lumbar puncture), IT still remains one of the most important diagnostic tools in this illness [5] . In clinical practice, the most frequently applied test is constant-rate infusion of the normal saline into the subarachnoid space. A mathematical description of the rise of ICP during IT was first proposed by Marmarou [17] with further small modifications introduced by Avezaat [3] . This work has subsequently formed the basis of well-established clinical diagnostic investigations.
Although Marmarou model expresses a rational compromise between the huge complexity of physiological and pathophysiological processes and the limited possibility for their quantitative description, it does not take into account the pulsatile and respiratory waves, which are always present in the IT signals. Periodic changes of the cerebral arterial blood volume and changes of venous outflow generated by respiration are transmitted into fluctuations of ICP around the mean value due to the stiffness of the skull. By the early 1950s, it was found that arterial pulse pressures are mainly responsible for the shape of the ICP wave [6] . With each contraction of the heart, a pressure wave is generated which travels along the arteries and provokes an intracranial pressure rise due to an enlargement of the arterial bed. In the frequency domain, the pulse waveform has several harmonic components; the fundamental component having a frequency equal to the heart rate. In turn, respiratory oscillations can be related to disturbances in the venous outflow from the brain. The venous system from the superior vena cava to the cerebral veins is valveless, except the ostium of the internal jugular vein to the brachiocephalic vein. During mechanical respiration, the inflow of air to the lungs provokes an increase in the intrathoracic pressure with simultaneous compression of large veins. This slows the flow of blood from the head and neck to the thorax, simultaneously increasing the pressure in the internal jugular veins which are a continuation of the sigmoid sinuses. The sigmoid sinuses are, in turn, a continuation of the transverse sinuses -branches of the superior sagittal sinus (SSS). Due to slowing of the blood flow through the sinuses, the outflow from the brain is limited and causes an increase of blood volume which remains in the veins, because the arterial inflow is continuous. During expiration, the reverse mechanism may be observed: the intrathoracic pressure diminishes, the veins enlarge, and the outflow of blood from the brain grows. The same situation is observed with physiological respiration but in reverse order. During inspiration, the volume of the veins decrease while during expiration it increases. These oscillations are related to the pressure oscillation in the SSS.
The formulation of mathematical models to explain the dependence between the circulation of the blood and the cerebrospinal fluid has interested many researchers. Various models of differing degrees of complexity have been proposed in the literature.
These range from the simplest linear models [1, 13, 22, 23, 26] that can only reproduce limited phenomena, to complex non-linear models which can capture clinical observations more accurately [27, 28, 10, 11, 14, 21] . Linear models are often limited to the analysis of very small changes in the described quantities. Conversely, non-linear models, based on the solution of simultaneous differential equations [16] , are often difficult to analyze and interpret. A mathematical theory called systems analysis has also been used to describe the relationship between arterial blood pressure (ABP) and ICP waveform. In this approach, the intracranial compartment can be considered to be a black box, which is described by its transformation of the input signal (ABP) into the output signal (ICP) [24] . The signals can be identified in the frequency [7] or time-domains [18] or in both domains [4] .
The main goal of the present work is to incorporate the vascular and respiratory components into the generally-accepted Marmarou model of intracranial volume-pressure compensation. The study offers the possibility of developing, for each individual case an "ideal" infusion test curve free from artefacts and slow waves of various origin and compares it with a real curve from clinical observations. The degree of correlation of both curves gives some insight not only into the adequacy of assumptions of Marmarou model in the considered case but also on checking correctness of identified parameters of cerebrospinal fluid hydrodynamics.
Mathematical model Model formulation
Recalling the well-known procedure of the Marmarou model evaluation, we may assume that from continuity requirements and within the time horizon of IT (of order of 15-30 min), the production of cerebrospinal fluid (CSF), Q P , and the external infusion, Q i , is balanced by reabsorption, Q R , and storage, Q S so that: The intensity of reabsorption of CSF is given by the formula presented by Davson [17] :
in which p SS [mmHg] denotes the saggital sinus pressure and R [mmHg/ml/min], is the resistance of CSF reabsorption.
In turn, the storage of CSF may be calculated from the relation Q t C p dp dt
In the above expressions, C(p) [ml/mmHg] is the pressure dependent intracranial compliance. Above a certain ICP level, the cerebrospinal space compliance decreases with ICP growth according to the relation:
where E [1/ml] describes the cerebral elasticity and p 0 [mmHg] is the so-called reference pressure.
Due to the heart action, arterial pressure, p A (t), pulsate around the mean value, p A0 .
The simplest model of such pulsation, may be written in the form of a sinusoidal perturbation of amplitude dp A superimposed on the mean value of arterial pressure:
where w 1 denotes the heart rate angular frequency.
Assuming that the compliance of cerebral arterial walls equals C A , we may now estimate cerebral blood volume changes, dQ A from the dependence:
where p SS0 is the mean value of the saggital sinus pressure. Consequently, we shall treat CSF secretion, Q P (t), as the pulsating function of time and write it simply in the form:
in which Q P0 denotes the rate of CSF production.
Simultaneously, we assume that due to respiration, the sagittal sinus pressure oscillates around the mean value, p SS0 , according to the formulae:
where:
w 2 denotes the angular frequency of respiration and dp R is the amplitude of pulsation of the sagittal sinus pressure.
Inserting equations (2), (3), (7) into (1) and bearing in mind (4) and (8) we obtain, after rearrangement, the subsequent differential equation describing ICP dynamic during the constant rate infusion: dp dt
Equations (10) and (11) define the average values of two steady states of ICP, namely: the final plateau pressure, ¢ p B0 , and the baseline pressure, p B0 , respectively. In the category of differential equations, relationship (9) expresses the general case of Bernoulli's equation [19] . However, its right-hand side depends not only on the intracranial pressure, p, but also on time, t, in contrast to Marmarou's model. The model Mathematical Modelling of the Infusion Test 37 described by equation (9) may be presented in the form of its electric equivalent, shown in Figure 1 , to help understanding.
Introducing the new variable
equation (9) takes the shape: dp dt It is possible to seek the general solution of equation (13), for any functions f(t), g(t), in the form [19] :
Putting (14) into (19) and performing integration we obtain:
in which
When g 1 << 1 and g 2 << 1 (22) the following approximation is correct:
Applying it to find the integral appearing in the rhs of (18), after lengthy calculation we obtain the approximate solution of equation (13) 
in which: 
In view of inequalities (22) and because
the following estimations are satisfied:
Therefore, the solution, (24), may be further simplified to the following form:
Bearing in mind the initial condition:
We obtain the approximate analytical solution of equation (9) in the final form:
which is valid provided both coefficients of pulsation, g 1 and g 2 , are much less than unity (of order of 0.1). To the authors' best knowledge, the solution has not been previously presented.
Model behavior
In spite of the nonlinearity and complexity of equation (9), its approximate analytical solution (30), is relatively simple. It is also worth noting, that in a similar manner to linear systems, both additive sinusoidal perturbation components also appear in the solution in additive form. This occurs because the other oscillating terms present in the solution (24) can be neglected. The additive property of the perturbation is a very important feature of the present model, since it is easy to substitute the simple sinusoidal perturbations of Q P0 and p SS0 by more complex periodic functions that are closer to reality.
From equation (30) and taking into consideration expressions (4), and (21), it can be shown that before an infusion test begins, (Q i = 0) the ICP oscillates around the baseline value, p B0 , according to the following formula:
From the above formula it is clear that the vascular component of ICP remains in phase with arterial pressure oscillations. In contrast, the respiratory component of ICP lags the sagittal sinus pressure, p SS , by the phase angle of 90°. In addition, the amplitude of the ICP pulse increases linearly with ICP and when it reaches the final plateau, both components of pulsation will be ( ¢ p B0 -p 0 )/(p B0 -p 0 ) times higher, than their initial amplitudes.
In the simplest case, of no pulsatile and respiratory waves both coefficients of pulsation g 1 and g 2 equal zero and equation (30) takes the well known form obtained by
Marmarou [17] : For a better representation of the pre-infusion ICP signal, p B (t), it is possible to use its Fourier time series. Equation (31) will than have the more general form:
where n denotes the number of harmonic components of the pulse and respiratory waves, l k and y k , define the amplitudes and the phase angles of each component. Accordingly, the formula (30) describing ICP growth during the IT will take the final form: The above expression will be applied to simulate an "ideal", infusion test curve for each individual patient.
Validation of the model
It is very difficult to estimate a priori the order of magnitude of both coefficients of pulsation g 1 and g 2 to check, whether their values remain small during IT. It is so, because we know neither the value of compliance of arterial wall, nor the amplitude of pulsation of the sagittal sinus pressure. We can only speculate, that under the physiological respiration, the amplitude of the pressure pulsation in the airways is close to the value of p SSO (ca 7.7 mmHg) and varies around a mean value of 10 mm of Hg.
During the mechanical ventilation, this amplitude rarely exceed 30 mm Hg. For the typical range of respiration frequency (10-16 breaths/min), the angular frequency remains within the range 60 to 100 [rad/min]. Assuming the value of resistance of reabsorption to be of order of tens (in hydrocephalic patients R is usually higher than 12 mmHg/ml/min), the value of g 2 can be estimated to be approximately 0.01, so much less than 1.
Also we do not know whether assumptions of constancy of cerebral blood volume and constancy of the average sagittal sinus pressure during infusion, being the principles of the original Marmarou model, are fulfilled. Increase of ICP may lead to decrease of cerebral perfusion pressure followed by an increase of the volume of arterial bed, decrease of its resistance and increase of pressure in vessels giving origin to venous bed and in veins (also in superior sagittal sinus).
Therefore, to check whether the proposed, simple analytical model of IT may be applied in practice, we analyzed 25 infusion tests that were obtained during routine diagnostic procedures with hydrocephalic patients in the Neurosurgical Clinic of the Jagiellonian University. In all cases, the lumbar infusion test (IT) was performed using one puncture needle, with an infusion rate Q i = 2 ml/min. Due to application of only one needle there is a step increase in pressure after infusion, causing a systematic error in the ICP measurement. This error was compensated. The sampling frequency of the pressure signal, measured with a piezoelectric transducer, was 20 Hz. A detailed description of the conditions in which the infusion tests were performed is contained in [8] .
Before starting each IT, the measurement system performs an evaluation of the frequency spectrum of the patient's resting (baseline) pressure. Based on this evaluation, the angular frequencies, w k , the harmonic amplitudes, A k and the phases, y k , of the pulse and respiratory-related pressure waves were determined. The measured intracranial pressure, ICP(t), as well as the CSF pulse pressure, AMP, during infusion test, were approximated using Marmarou's model. The former by the relation p M (t), given by (32), the latter, by the well known, linear relation
To identify the individual parameters of ICP dynamics: R, E and p 0 , a unique, in-house computer software based on the Nelder-Mead optimization algorithm was used [20] . The values of pulsation coefficients l k , were then calculated from the formula (36) (resulting directly from (33)), shown below:
Finally, basing on equation (34), the simulated course, p(t), of the IT was obtained. Table 1 .
Results

Figures
In 9 patients (36%) the resistance to CSF outflow was normal, that is lower than 10 mmHg/ml/min [2] , 14 patients have R greater than 12 mmHg/ml/min, usually treated as the threshold value for the candidates for shunting [12] , the remaining 2 44 Krzysztof Cieslicki patients have R between 8 and 12 mmHg/ml/min. In 12 patients (48%) the cerebral elasticity E (which is inversely proportional to the pressure/volume index PVI » 2.303/E) remained within the norm (0.05-0.18 1/ml) [10] . The rest of the patients have cerebral elasticity elevated above the upper limit.
In 20 patients (80%) the values of coefficient of the vascular pulsation, g 11 , were lower than 0.1, the remaining 5 patients had values between 0.1 and 0.25. As far as the values of coefficient of the respiratory pulsation, g 21 , are concerned, they were lower than 0.1 in most tests, with exception of only 2 cases that exceeded this limit slightly. 
Discussion
The present study demonstrates that complicated pulsation and growth in intracranial pressure during infusion test can be successfully modeled by the relatively simple analytical expression (34), which was derived in this paper. Possible explanations of this conclusion are: the values of the coefficients of pulsation were in each test sufficiently small to fulfill assumptions of the proposed approximate solution; simplifications of the original Marmarou's model were fulfilled, namely:
-active changes in the cerebral blood volume that might occur during IT may be disregarded,
-the parameters of intracranial dynamics (R, E, p 0 ) may be assumed constant,
-heart frequency changes related to respiration [18] were negligible.
Most opinions of clinical importance of the three parameters of the Marmarou's model arrange them in the following order: R, E, p 0 . So far, the resistance to CSF reabsorption, R, has gained significant evidence of prognostic value [5] , despite ongoing discussion on age dependence of upper physiological limits. That is so, because elevation of R is not always correlated with a good outcome after shunting, particularly in NPH of the elderly patients. Still more controversy concerns clinical meaning of elastance coefficient, E. In some clinical investigations [25] , elevated elasticity (E > 0.18) is considered as a poor pressure-volume compensatory reserve, whereas its lowest values (E < 0.08) may indicate brain atrophy with a very compliant CSF system. The physiological meaning of the last parameter -the reference pressure, p 0 , is obscure and its range of change, not known. By some authors p0 is treated as the average pressure in the venous compartment and may be equal to p SS0 . The others assume that this variable may be neglected [17] .
Our practice indicates that the reference pressure, p 0 , plays an important role in obtaining good correlation between real and the simulated IT curve. Firstly, because its value determines the degree of pulsation amplitude growth during infusion, M, which is given by the relation (37), given below and is depicted qualitatively in We can see, that when p 0 approaches the value of baseline pressure, p B0 , the pulsation amplitude growth becomes unrealistically high (theoretically it tends to infinity).
Secondly, the value of reference pressure is coupled with a value of elastance coefficient via the definition of cerebral compliance, C(p) (see eq (4)). It means that these parameters are not linearly independent. For example, initial brain compliance, C(p B0 ) may be described by an infinite number of pairs of values (E i , p 0i ) satisfying relation (38):
From the above expression it follows that the smaller the difference between baseline and reference pressure, the greater the value of elastance coefficient. Some other consequences of the dependence between E and p 0 were mentioned elsewhere [8, 9] . For solving this problem, at first the value of the reference pressure, p 0 , was estimated using the characteristics of the AMP vs. parameters of the intracranial pressure dynamics, (R, E, p 0 ), were established, using p 0 values close to the previously obtained value. A much better adjustment was obtained not only in IT trend (which was described by means of the original Marmarou model), but also in the actual increase of AMP.
In order to examine the correctness of the used algorithm of identification of the Marmarou model parameters, the artificially generated tests were used. They were made with the help of the equation (12), calculated for arbitrary values of the intracranial compensation parameters (R, E, p 0 ), and the arbitrary amplitudes and the phases of the pulsating elements. In all cases, the discrepancy between calculated ( ¢ R , ¢ E , ¢ p 0 ) and assumed parameters did not exceed 1%.
Conclusion
As mentioned in the introduction, it was not our goal to create a model of IT curve which can simulate all facets of the living system, but simply to improve the well established Marmarou's model by adding the pulsatile components. The relatively simple analytical formula, derived in this paper, serves this purpose very well and enables to model complicated behavior of the pulsation and growth in intracranial pressure during infusion.
The simulation of infusion curve which was based on the proposed equation (34) makes possible more exact analysis of the parameters of intracranial pressure. This method designates much more exactly the value of the reference pressure, which is usually treated as a secondary and of uncertain significance. In our opinion, the properly identified value of the reference pressure decides on the degree of AMP growth during IT, as well as on the E value, which is sometime used as a prognostic factor in shunting of hydrocephalic patients.
